In a first of its kind high-speed imaging of breakup of a charged drop, we unambiguously demonstrate Rayleigh fission of a charged droplet. Specifically, we demonstrate using experiments and numerical calculations that an isolated charged drop, levitated in an AC quadrupole trap, exhibits asymmetric subcritical Rayleigh breakup. The center of mass motion of the droplet on account of the ponderomotive force of the trap balancing gravity leads to significant shape oscillations. These finite amplitude shape oscillations are responsible for the subcritical breakup of the droplet. The center of mass oscillations which are out of phase with the applied voltage, lead to an asymmetric breakup such that the Rayleigh fission occurs upwards via a jet at the pole of the droplet, in a direction opposite to the gravity.
A charged drop of diameter D d , undergoes Rayleigh instability when the total charge on the drop exceeds a critical value, Q R = 8π e γ(D d /2) 3 , where e is the electrical permittivity of the medium and γ is the surface tension
1 . This critical charge is the charge at which the repulsive Coulombic force just balances the restoring surface tension force of the droplet. The Rayleigh instability is believed to be responsible for the breakup of raindrops in thunderstorms, the formation of sub-nanometer droplets in electrosprays and generation of ions in ionmass spectrometry 2 . Although the theoretical limit of the critical charge is known for more than over hundred years 1 , the breakup pathway was explicitly demonstrated only around a decade ago by Duft et al. 3 through systematic experiments on a levitated charged drop in a quadrupolar trap. Their experiments indicate that a critically charged drop sequentially deforms to an elongated prolate spheroid eventually forming conical tips at its poles from which two jets are ejected out in the opposite directions. These jets further disintegrate into a cloud of smaller daughter droplets and a fraction (around 30-40%) of the total charge is lost in the process 3, 4 . The loss of charge reduces the electric stresses acting on the droplet and the deformed drop relaxes back to a spherical shape under the effect of surface tension. The symmetrical jet ejection reported by Duft et al. 3 of a droplet tightly levitated in a quadrupole trap, may not correspond to practical situations such as electrosprays, wherein unbalanced external forces such as gravity or external electric field are most likely to introduce asymmetric breakup. The broken symmetry can have a tangible impact on the pathway of drop deformation as well as on the characteristics of daughter droplets formation. It is thus necessary to examine such situations through controlled levitation experiments, which is the main focus of this study.
In this work, experiments were conducted by electrospraying a positively charged droplet (in the dripping mode) of an ethylene glycol-ethanol mixture, into a quadrupole trap consisting of endcaps which are shorted and separated by 20 mm (= 2z o ), and a ring electrode of the same diameter (2ρ o ), as shown in figure 1(i). An AC voltage of 11 kV pp and 100-500 Hz frequency is applied between the endcap and the ring electrodes. The potential of an ideal quadrupole trap is given by φ = −Λ(2z 2 − ρ 2 ) = −Λr 2 P 2 (cos θ), where Λ = Λ 0 ζ, ζ is time periodic function of frequency ω while (z,ρ) and (r,θ) stand for cylindrical and spherical polar coordinates respectively. The parameter
(where φ o is the applied potential) is the intensity of an ideal quadrupole field and is also obtained by multi-linear regression fitting method to the potential distribution obtained for the actual geometry using COMSOL Multiphysics (see supplementary information (SI)).
In a typical experiment reported in this work, a charged droplet, under the influence of gravity, is levitated at an off-centered position in the quadrupole trap. Once the droplet is levitated, it takes several minutes for the droplet to evaporate and build the Rayleigh charge before it undergoes breakup. The events are recorded using a high-speed camera at a speed in the range of 1.5-2.0 hundred thousand frames per second for about 2-4 seconds. The video is played back to capture droplet center of mass (CM) oscillations ( fig. 1(ii and v) ), shape deformations ( fig. 1(iii and v) ), the asymmetric breakup event ( fig. 1(v) ) as well as shape relaxation after the break-up event ( fig. 1(iv and vi) ). The detailed explanation of each of the sub-figure is provided in the Supplementary Information (SI). Here we illustrate the main features. The droplet is seen to undergo simultaneous CM motion and shape deformations leading to an asymmetric breakup predominantly in the upward direction (that is at the north pole if the gravity acts from north to south). Out of the 50 breakup events observed, 43 cases resulted in the upward ejection, whereas the rest exhibit downward ejection. The fact that the different stages in the charged droplet breakup process, observed by high-speed imaging of a single drop, makes it possible to compare the observations with continuous time evolution models of the entire process. This constitutes a major distinguishing feature of this work.
The video images raise four major questions: (i) How are the CM motion and the shape deformations related and how do they affect the breakup pathway of the drop? (ii) Why does the droplet break-up predominantly occur in one direction (upward, at the north pole)? (iii) What is the critical charge required to induce the instability? (iv) What is the role of the external quadrupolar potential on the droplet destabilization? This letter attempts to answer these questions.
The droplet in our experiments is levitated in a purely AC quadrupole field 5 , unlike other studies where the weight of the charged drop is balanced by an additional DC bias voltage 6 . In the theoretical description of the problem, the weight of the droplet therefore appears in the z directional (the direction of gravity) equation of motion, which is a modified Mathieu equation on account of the gravity and the frictional drag, as
is the non-dimensional time, m is the mass of the drop, Q is the charge on the drop, D d is the droplet diameter, ω = 2πf , f is the applied frequency and µ a is the viscosity of the medium air.
In the experiments conducted in this study, a droplet is found to oscillate between the south endcap and the center of the trap, with a time-averaged equilibrium position at a distance,
a 2 ω 2 , below the center of the quadrupolar trap along the z-axis (see SI). This quasi-equilibrium, time-averaged position is a result of the balance between the ponderomotive force 7 , mω 2 a 2 z shif t /(2(1+c 2 )) , and the gravitational force, mg. The important observation here is that when the droplet is stabilized at the off-centered position, it oscillates with the applied frequency (ω) around its equilibrium position experiencing a local uniform electric field (E) along with a non-zero quadrupolar electric field (Λ), where Λ E. The magnitude of these CM oscillations and E are proportional to z shif t . In contrast, when the droplet is stabilized exactly at the center of the trap by annulling the force of gravity with DC field 3 it experiences negligible CM oscillations as well as the external influence of the quadrupolar fields. This apparently minor difference has a significant effect on the nature of droplet surface desta- bilization.
It should be noted that the exact position of the droplet with respect to the trap center could not be determined in our experiments but was estimated by solving the Mathieu equation in the z direction. The droplet was levitated such that the critical value of the parameter a was maintained at around ∼ 0.44, by manually increasing the applied frequency as time progressed (note that the Mathieu equation is unstable at a>0.45, c = 0). The change in frequency during the experiment was essential to control the increase in the a parameter caused by the evaporation of the drop. This ensured that the droplet is always levitated at just below the spring oscillations. The value of Q calculated for the critical value of a using all other measured experimental parameters yields Q of the order of Rayleigh charge (Q R ), clearly indicating that the droplet is charged near the Rayleigh limit.
The electrostatic force acting on the positively charged drop critically depends upon the relative position of the charged drop within the trap that exhibits oscillations in its CM motion, with respect to the oscillatory potential of the south end cap. The numerical solution of the Mathieu equation shows that the positively charged droplet is closest to the south endcap (maximum negative displacement, figure 1(iii)) when the endcap is at a positive potential. This is essentially due to a phase shift of π between the endcap potential and the CM motion of the droplet. It will be seen later that the π phase shift and the large amplitude CM oscillations of the droplet has an important implication on the asymmetric breakup of the droplet. The exact phase lag between the applied AC field and the CM motion could not be measured in the experiments. The comparison is made possible by equating the peak position of the deformation ( fig.1(ii) ) to the negative peak of the AC cycle ( fig.1(iii) ) at early times.
Experiments show that a sub-Rayleigh charged droplet admits significant oscillatory shape deformations ( fig.1(ii) ) along with the CM oscillations. The shape of the droplet can be described by r s (θ) = a + Σ l=1,2,3,4 α l P l (cos θ), where the coefficient α 1 represents the CM motion and α 2 , α 4 indicate dipolar and quadrupolar shape deformations respectively, whereas, the coefficient α 3 is a measure of asymmetric shape deformation. The experimental observations of the oscillatory shape deformations can be described by a potential theory with viscous corrections 8 and these viscous corrections (which suppress high frequency capillary oscillations) are found to be critical to explain the experimental observations (∼ ref SI).
These shape oscillations of an off-centered charged drop in a quadrupole trap are caused by several electrical forces. The first force is due to Λ (Ca Λ
2 ) which excites dipolar oscillations with a frequency 2ω.
On the other hand, the quadrupolar Λ and uniform field E, acting on the total unperturbed charge (Q) of the undeformed drop lead to symmetric ( √ Ca Λ Q) and asymmetric (translation) ( √ Ca E Q) shape deformations respectively. Unlike the previous cases, here the droplet shape oscillates with the applied frequency ω. The experiments (figure 1(ii)) indicate shape oscillations occur at frequency ω with weak oblate deformations. This suggests that the deformation is caused the action of Λ on the total charge (Q). The small amplitude, linear deformation theory qualitatively predicts these experimental observations reasonably well (∼ ref SI) and a quantitative disagreement is expected since the experiments (figure 1(ii)) show considerable non-linearity in the shape oscillations.
In the course of executing both the CM and shape oscillations, the droplet builds charge and admit Rayleigh instability and undergoes break up. The entire process occurs in timescales much shorter than the period (2π/ω) of oscillations. The experiments show that the breakup is predominantly asymmetric, with a majority of jet ejection events occurring upwards (at the north pole, against gravity). The ejection event almost invariably coincided with the CM of the droplet being near the lower (south) end cap. About 24 % charge loss is observed in the breakup, similar to that reported in the literature 3, 9 . The predominance of the upward breakup is somewhat intriguing and its understanding requires careful theoretical analysis of the problem.
While the quadrupolar field Λ corresponding to that acting at the center of the drop can only induce symmetric deformation in the drop, followed by break-up (as shown in figure 2(a),(b) ), any asymmetric breakup should occur due to the differential, locally uniform field E acting at the surface of the droplet (as shown in figure 2(c),(d) ). However, at first sight, the off-centered field is insignificant (O(10 3 )) to influence droplet instability as compared to the field due to the surface charge (O(10 7 )). In order to understand the role of the off-centered field (E) on the asymmetric break-up, boundary integral (BI) simulations are conducted using an in-house code, incorporating electrostatics of a perfect conductor drop and hydrodynamics in the Stokes flow limit. The integral equations are solved using standard methods reported in the previous papers 10, 11 . The integral equation of the electric potential for a PC drop is given by, φ(r s ) = φ 0 (r s ) + 1 4π
where r and r s are the position vectors on the surface of the drop and φ 0 is the applied electric potential which can be written as,
The unknown potential φ(r s ) is constant on the surface of the drop, and is determined by the condition of conservation of charge given by E ne (r)dS(r) = Q, where Q is the constant surface charge on the drop. Since the breakup time is much smaller than ω −1 , the external potential (absorbed in √ Ca Λ ) is assumed to be DC such that the end caps are at positive potential for a positively charged drop (as seen in experiments). The force density is then given by, f = n∇·n−[τ e ]·, where [τ e ] = 1 2 e E 2 ne . A small shape deformation is introduced initially via a function of the form, r s (θ). The force density is then used in the equation for interfacial velocity which is used to evolve the droplet shape with time.
Typically, for simulations, the initial shape of the drop is extracted from the experiments and the coefficients α l are determined (see SI). The z shif t is obtained by matching the amplitudes of CM oscillations observed in the experiments with the solution of modified Mathieu equation and is found to be 500 µm(see SI). For the given experimental conditions, the magnitude of surface charge Q is initially kept at the sub-Rayleigh charge and the critical (i.e. minimum) value of the charge at which the droplet undergoes breakup is estimated using progression-regression method as described in our previous work 12 . If the charge is less than this critical value, the droplet shape relaxes back to the spherical shape. However, when the charge is beyond the critical value, the given shape perturbations grow and the droplet evolves to form sharp conical ends indicating numerical singularity. More details of the numerical method and its implementation can be found elsewhere 12 . The droplet shape evolution predicted by BI simulations is compared with the experimental observations in terms of the aspect ratio (AR) and the asymmetric deformation (AD). AR indicates the symmetric deformation while AD is the measure of asymmetry in the shape of the drop. A remarkable agreement is observed between the experiments and the simulations ( figure 1(vii) ), including the important observation of a late onset of asymmetry. Moreover, the shapes of the drop from the critical point (G) to the breakup point (I) are accurately predicted by the BI simulations as shown in figure 1 (viii) .
A positively charged droplet near the positive south end cap should deform into an oblate spheroid due to the electrostatic repulsion at the poles between the likecharged drop and the end cap as well as due to the electrostatic attraction between the oppositely charged drop and the ring electrode at the equator. On the other hand, if a positively charged drop is near the negative end cap it should break in the downward direction due to higher electrostatic attraction from the south end cap and repulsion from the ring electrode (as shown in figure 2(c) ). However, in most of the experiments, the droplet is observed to break in the upward direction (as shown in figures 2(d),1(v)). It can be observed from figure 1(iii) that in the positive cycle of AC field the position of the positively charged droplet is at the south-most end of CM oscillations (near the south endcap). This is attributed to the phase lag of π between the applied potential and the CM motion. In this configuration, there can be two mechanisms which are responsible for asymmetry in the droplet shape at the onset of the breakup. Firstly, due to the nonlinear interaction between the dipolar charge distribution on the drop and the uniform electric field (E) experienced by the droplet. Secondly, due to a significant positive α 3 perturbation (for the P 3 mode) already present in the droplet shape. Both of these mechanisms may act simultaneously to provide a positive asymmetry assisting upward breakup. Mathematically, it can be understood as the nonlinear interaction between the dipolar charge distribution (and thereby electric field) due to perturbation (P 2 ) of the mean charge, and the uniform electric field (P 1 ) which admits an asymmetric Legendre mode (P 3 ). The P 3 mode leads to the droplet breaking upwards (at the north pole), such that a jet forms at the north pole. Since the magnitude of α 3 depends on the nonlinear interaction of α 2 with the uniform field, it manifests itself, later in the dynamics, as the nonlinearity grows. This explains the late onset of asymmetric breakup seen in figure 1(vii) . This is also seen in the corresponding Maxwell stress distribution, obtained from the numerical calculations which show that in the initial stages (from t=-2.20 ms to t=-0.38 ms in figure 3 ) P 2 perturbation grows. Further the asymmetry is observed in the stress distribution at t=-0.15 ms indicating the emergence of P 3 mode which shows that the first mechanism is responsible for the upward breakup in the present experiments.
In certain cases where α 3 is negative, a downward breakup (in about 10% of the cases) has been observed. Although a phase shift of π is observed between the applied AC field and the CM oscillations, in few experiments, we observe the south endcap to be negatively charged when the droplet is at the bottom of its CM motion (see SI). Moreover, the shape at this stage also indicates a negative α 3 . Since this situation is more obscure, fewer drops are found to break in the downward directions.
The analysis throws considerable light on an important question of the sub-Rayleigh breakup, a topic of far-reaching significance in the theory of charged drop instabilities. It is observed that the lowest charge required to induce the instability is less than the Rayleigh charge. The critical charge numerically calculated by BEM for the large set of experiments conducted yield a value of around 98-99%. This indicates that the instability observed is a subcritical instability at the subRayleigh charge and certainly owing to the finite amplitude of the initial perturbations.
The investigation of Rayleigh instability has been a subject of great interest for almost a century now and a detailed bifurcation diagram exists, which shows transcritical bifurcation at Q = Q R 11,13 . The instability is known to admit subcritical bifurcation for prolate perturbations and a supercritical bifurcation for oblate perturbations. Moreover, in the presence of a wall, an imperfect transcritical bifurcation has also been predicted 14 . We recently showed that the applied quadrupole field can further reduce the critical Rayleigh charge due to an interaction between the applied field and the Rayleigh instability 11 . In this work, we demonstrate experimentally that this is indeed true, and that finite amplitude shape perturbations can lead to a subcritical instability through an asymmetric breakup. The asymmetry depends upon the gravity, the applied field and the signs of the potential of the neighboring electrodes and that of the charge on the droplet. These results indicate that there is a strong shape-instability coupling in the dynamics of a charged drop. This non-ideal aspect would be of relevance in technologies such as electrosprays or ion-mass spectrometers, where the shape oscillations could lead to the sub-Rayleigh asymmetric breakup of charged drops. Moreover, judicious choice of the polarity of confining electrodes can lead effective breakup of droplets.
